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Recurrence r lations and generating functions for the tree polynomials of ladders are 
derived. From these results, everal deductions about he forest decompositions f the graphs 
are made. Explicit formulae are then given for the number of spanning forests and the number 
of spanning trees, in the various types of ladders defined in the paper. 
1. In/roduction 
The graphs considered here will be finite and without loops. Let G be a graph. 
With each tree a in G let us associate an indeterminate or weight w~. With each 
spanning forest F in G, let us associate the monomial 
.,(HI, = I'1 we. 
t~ 
where the product is taken over all the components of F. Then the tree 
polynomial of G is Y. w(F), where the summation is taken over all the spanning 
forests in G. An introduction to the concept of the tr~e polynomial is given in 
Farrell [2]. 
If we give each tree a weight w, then the resulting polynomial in w is called the 
simple tree polynomial of G, and will be denoted by T(G; w). The generating 
function for the family (39 of graphs with p nodes, will be denoted by G(t) also 
(when it is convenient to do so), the tree polynomial of Gp will be denoted by 
G(p). 
By a forest decomposition of G, we will mean a collection of node disjoint trees 
which span G- -o r  simply, a spanning forest. A forest decomposition with k 
elements, will be called a k-decomposition. We define the short ladder $, to be 
the graph fo~med by joining the corresponding nodes of two chains (trees with 
nodes of valencies 1 and 2 only), each containing n nodes. The long ladder 
(sometimes called a prism)/.~, is the graph formed by joining the corresponding 
nodes of two n-gons (circuits with n nodes). The graph obtained from $, by 
identifying two adjacent nodes of valency 2, will be called the broken short ladder 
17.,. The broken long ladder A,, is the graph formed by identifying two nodes of 
valency 2 which were originally endnodes of one of the chains used in forming $,. 
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We will derive recurrence relations and generating functions for the tree 
polynomials of S., L,, A, and E,. From these results, we will deduce recurrences 
for thc k-decompositions olf the graphs. We will also give explicit formulae for the 
nur~ber of spanning forests and the number of spanning trees in S,, L,, A,  and 
2. Basic theorems 
The following basic properties of simple tree polynomials were proved in [2]. 
Property. 1 (The Fundamental Theorem). Let G be a graph containing an edge xy. 
Let (V be the graph obtained from G by deleting xy, and G*, the graph obtained 
from G hy identifying nodes x and y (and omitting any loops [ormed). Then 
T(G: w)= T(G':  w)+ T(G*; w). 
Properly 2 (The Cutnode Theorem). Let G be a graph consisting of n blocks 
131. B 2 . . . . .  B,,. Then 
T(G: w)= w .... I~ f l  T(Bi: w). 
Property 3 (The Component Theorem). Let G be a graph containi~:g r compo- 
ne~zt.~ H~. f t2  . . . . .  H,,. Fhet~ 
T(G; w) = l~I T(H,; w). 
i 1 
Properly i suggests an algorithm for finding tree polynomials of graphs. We can 
apply the theorem rccursively to smaller and smaller graphs umil we obtain 
graphs /4, for which T(H~; w) are known. This algorithm will bc called the 
reduction process. 
3. Simple tree polynomials of short ladders 
~v a ruing in &,, we will mean an edge joining the two chains. The following 
recu~rcncc relations for the tree polynomials of S, and E,, can be obtained by 
applying the rcduction process first to S, by deleting a terminal rung, then to E,, 
by dcleting one of the edges joining the node of valency 2 at the 'broken end'. 
S(n) = ( w + l)~S(n - 1 ) + E(n). (1) 
E(n~ = E(n - 1) + (w + 2)S(n - 1). (2) 
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Hence we obtain 
Theorem 1. (i) S(n) = (w2+3w÷4)S(n -  1) - (w  + 1)2S(n-2)  (n 3,2), 
(ii) E(n)  = (w 2 + 3 ¢¢ + 4)E(n - 1 ) -  (w + 1)2E(n - 2) (n > 2), 
with S(0) = E(0) = 1 (by convention) E(1)= w, E (2 )= w3~3w2+3w and S(1) and 
S(2) are given below in Table 1. 
We will denote the generating functions ~=o S(n)t" and ~=o E(n)t" by S(t) 
and E(t) respectively. 
Theorem 2 
(i) S(t) = 
(W2+ W)t-- W2t 2 
1 - (w + 1)(w + 3)t + (w + 1)2t 2" 
(ii) E(t) = wt(1 - t) 
! - (w + 1)(w + 3)t + (w + 1)2t 2' 
Proof. The resrdts follow immediately from the recurrences given in Theorem 
1. []  
"Fable 1. Simple tree polynomials of short ladders 
n S(n) 
1 W2-FW 
2 wa+4w3+6w2+4w 
3 w6+7wS+21w'*+35wa+33w~-+15w 
4 wS+lOwT+45w6+120wS+207w4 
+ 234w 3 + 163w 2+ 56w 
4. Simple tree polynomials of long ladders 
We will refer to the two n-gons used in forming the long ladder L,. as major 
circuits. The edges which link the two major circuits will be called rungs of L,. 
The broken long ladder A ,  is shown below in Fig. l(a). The graphs B, and D,, 
with 3n-1  and 2n-2  nodes respectively, are the graphs shown below in Figs. 
l(b) and 1(c) respectively. 
(a) (b) !,~) 
Fig. I. 
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Le~ us apply the reduction process to L., by (i) deleting an edge from the 'outer' 
maior circuit, (ii) d, eleting the corresponding edge in the 'inner' major circuit in 
G' .  (~ii) deleting in G*, the corresponding edge in the inner major circuit, and (iv) 
deleting one of the multiple edges in lhe graph formed by identification of nodes 
in G*. Then we get 
L(n) -= L(~,l - 1) + S(n) + 2A (n) + B (n - 1). (3) 
13y applying the reduction process to L. by initially deleting a rung, we obtain 
L(n)=L(n -1)+(w2+4w+3)S(n -1)+2(w+l )A(n -1)+B(n) .  (4) 
Similarly we get 
A (n) = (w + I )A (n - 1) + (w + 1)S(n - 1) + D(n) (5) 
and 
D(n) = (w + 1)D(n - 1) + B (n - 1) + (w + 1)E(n - 1). (6) 
By substituting for D(n), D(n-  1) and E(n -  1) in (6), we get 
B (n) = A (n + 1) - 2(w + 1)A (n) + (w + 1)2A (n - 1) - 2(w + i)S(n) 
+ (w 3 + 4w 2 + 5 w + 2)S(n - 1). 
Consequently, we obtain the following result. 
Theorem 3 
(i) 
(i~) 
(7) 
A(n) - (2w+5)A(n -1)+(w2+6w+5)A(n -2) - (w+ l)2A(n 3) 
=(2w + 3)S(n -  1) - (w3 + 5w2 + l lw+7)S(n  - 2) + (w3-~ - 4w'- + 5w +2) 
x S (n -3 )  (n >3),  
L(n) = L (n -  1) + S(n) = 2(w + 1)S(n -  1) + (w 3 +4w2+ 5w + 2)S(n -  2) 
+ 3A(n) - 2(w + 1)A(n - 1) + (w -',- 1)2A(n - 2) (n > 2), 
with A(0)= L(0)= 1 (by convention) A(1)= w2+w, A(2)= w3+3~2+3w,  A(3)= 
wS + 7w4 + 20w3 + 30w2 + 20w. L(1) and L(2) are as defined below in Table 2. 
Table 2, Simple tree polynomials of long ladder~ 
n L(n) 
1 w~+2 
2 w4+6w'~+13wZ+12w 
3 wC'+9wS+36w'~+82wa+lllw2+75w 
4 wS+12wT+66w~+221w'~+489w4+773w'~+384w 
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5. Forest decomposition of short ladders 
Let us denote by Tk(G), the number of k-decompositions of G. Then Tk(G) is 
the coefficient of w k in T(G; w). It is clear that 
(i) To(G)= 0, and 
(ii) Tk(G) =0,  Vk>p. the number of nodes in G. 
The following lemma is taken from [3]. 
Lemma 1. Let G be a graph with p nodes and q edges. Then in T(G; w), 
(i) the coefficient of w °-z is (~), 
(ii) the coefficient of w ~-3 is ('~)-A, where A is the number of triangles in G, 
(iii) the coefficientofw°-4is (~) - (q -3 )A-B ,  where B is the number of 
quadrilaterals in G, 
(iv) the coeffwient of w p-s is ( '~) - ( "23)A- (q -4 )B-C  + 2D, where C and D 
are the numbers of pentagons and quadrilaterals with one diagonal respectively, 
in G. 
Theorem 4. (i) T2 . (S . )= 1. 
(ii) T2._,(S.) = 3n-  2. 
(iii) T2,,-2(S.) = 3(n - 1)(3n - 2). 
(iv) T2.-3(S.) = ½(n - 1)(3n - 2)(3n - 4). 
(v) Tz.-4(S.)(S.) = (3n42) -- n + 1. 
(vi) T2.-5(S,,) = (3,,~2)_ 3(n - l)(n - 2). 
Proof. It can be easily confirmed that S, has 2n nodes, 3n -2 ~,dges and n -  1 
quadrilaterals. It has no triangles, pentagons nor quadrilat:-~als with one diagonal 
The result follows from Lemma 1. []  
We will denote by N(G),  the number of spanning forests in G. Then N(G) is 
the sum of the coefficients of T(G; w). 
Lemma :2. (i) N(S.)=8N(S._I)-4(S.-2) (n>2) ,  with N(S0)=I ,  N($1)---2 and 
N(S2)  = 15.  
(ii) N(E,,)=8N(E.-~)-4N(E~-2) (n>2) ,  with N(Eo) = 1, N(Et)  = 1 and 
N(E2) = 7. 
Proof. Put w = 1 in Theorem 1. The results then follow. []  
Generating functions N(S.)(t) and N(E.)(t) for N(S.) and N(E.) respectively, 
can be obtained from Lemma 2 or directly from Theorem 2, by putting w =--1. 
They are given in the following lemma. 
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Lemma 3 
6) N($.) ( t )= 
2t -  t 2 
1 - 8t +4r 2" 
t--  t 2 
(ii) N(E.)(~) - ! -8 t  +4t  2" 
We now give explicit formulae for N(S.)  and N(E. ) .  
t t  Theorem 5. (i) N(S.)=~a[(3+2~"3)a" + ,.-2,,/3)/3 ], 
(ii) N (E~)=t (a  " +~") ,  
where ~ = 4 + 2~f 3,, [3 = 4 -  2 , f  3 , and n > O. 
Proof .  The reciprocal of the roots of l -8 t+4t  2 are 4+3, f2  and 4-3, , /2.  The 
results then follow from Lemma 3. D'I 
Let us denote by F(G), the number of spanning trees in G. Thc~l F(G) is the 
coefficient of w in T(G; w). 
Theorem 6. (i) F[ S,,) = 4F(S._ t ) -  F(S._2) (n > 2), with F(So) = O, F(SO = 1 and 
F(S 2) = 4. 
Oil A generating [unction [or F(S,)  is (1 -4 t+t2) -L  Hence 
(iii) I'(S,,)==[(2 F ,~)" -  (2-x/33"]/2V~ (n >0).  
Proof. (i) follows from Theorem 1(i) by equating coefficients of w. (ii) follows 
from (i) by standard techniques. (iii) can be obtained from (ii) by any elementary 
technique. [] 
The explicit formulae for F(S,,) given in (iii) was also obtained by Sedlfi~ek [4] 
usil",g a different ',echnique. A generalization of Sedlfi~ek's resurt for linear 
iterative cellular arrays was obtained by Bedrosian [1]. In his work, Bedrosian 
used a class of 9olynomials called 'tree enumeration polynomials'. These polyno- 
mials are different from the simple tree polynomial defined here. We note that in 
many cases, the recurrence given for/-'(S,) will be more usetul for finding values 
of F(S.). 
We now give corresponding results for the number of spanning trees in broken 
short ladders. The proof is similar to that of Theorem 6. 
Theorem 7. (i) I~ E,,) = 4I ' (E .  t) - F(E._2) (n > 2). with F(Eo) = 0. I'(E~) = 1 and 
I'(E~) ~-~ 3. 
(ii) A generating function for F(E,,) is ( t - t2 ) / (1 -4 t+t2) .  Hence 
(iii) I ' ( /5.) = ~[(3 + x/3)(2 - x/3)" + (3 -- , /3)(2 + x/3)" ] (n > 0). 
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Relations between the numbers of spanning trees in the short ladder and the 
broken short ladder are immediate from (1) and (2). 
Lemma 4. (i) F(S . )  ''-" = ~b (t~.+,)-  F(E.)].  
(ii) F(E,,) = F (S . )  - r ( s . _ , ) .  
We now give explicit values for the number of k-decompositions of L,, for 
certain values of k. 
Theorem 8. (i) T2.(L.)= 1. 
(ii) T2._,(L,,) = 3n. 
(iii) T2._dL. )  = (3% 
(iv) T2.-3(L,,) = (3.). 
[(32)-n i fn#4,  
(V) T2n _4(Ln) --- t489 /[ n = 4 
T2._5(L,,)=[(3~')-n(3n-4) [(-1),  if n=5] if n#4.  (vi) 
t 744 if n = 4. 
Proof. The long ladder L,, has 2n nodes, 3n edges, n quadrilaterals if n =/: 4; and 
6 if n=4.  L. has no subgraphs that are triangles, pentagons (if n#5)  or 
quadrilaterals with one diagonal. The results follow by direct substitution into 
Lemma 1. [] 
Theorem 9. For n > 5, 
T~_,(A,,)= Tk(S.). 
for k =2n- r ,  where r =0,  l, 2, 3, 4 and 6. 
Proof. A,  has one node less than S,,. For n > 5, A,, and S, have the same number 
of edges, triangles, quadrilaterals, pentagons and quadrilaterals with one diagonal. 
Therefore the result follows from Lemma 1. [7] 
By putting w = 1 in Theorem 3, we obtain the following lemma. 
Lemma 5 
(i) N(A, , )=7N(A, ,_ I ) -  12N(A._z)+4N(A,,_3)+5N(S,, ~)
-24N(S, ,  2)+12N(S._3) (n>3) ,  
with N(Ao)=I ,  N(A~)=2, N(Az)=7,  N(A3)=78,  N(So)=I ,  N(S~)=2 and 
N(S2) = 15. 
(ii) N(L . )=N(L ._O+N(S . ) -4N(S ._O+12N(S ._2)  
+ 3N(A . ) -  4N(A._~) + 4N(A._2) (n > 2), 
with N(Lo) = 1, N(LO = 2, N(L.) = 32, and the initial values of S. and A,, as given 
in (i). 
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(i) F(A,,) = 5F(A,_O+5F(A,,_z)--r(A,,_3)+3F(S,~_2) 
-2F (S . _3)  (n >3) ,  
with F(Ao)=O. / " (A0- - l ,  F(A2)=3,  F(A3)=20,  r (S0)=13,  F (S t )= I  and 
F(S2) = 4. 
(ii) F(L , , )  = F(L,,_O+2F(S,,__O+I'(S._2)+3U(A.) 
-2F(A,,_O+F(A,,-2) (n > 2), 
with F(LD = F (Ao)  = F(So) = O, F(L1) =- F(A1) = 1, F(SO = 2,  U(L2) = 12,  F(A2) = 
3 a~zd F(S2) = 4. 
Proot. The result follows be equating coefficients of w in the recurrences given in 
Theorcm 3, then using Theorem 6(i) to obtain (ii) in the required form. []  
Lemma 6 and Theorem 6 cap. be used to obtain the number of spanning trees in 
ladders and broken ladders. The following table gives some of the ~ aiues of F(L,)  
a nd r'(A,, ~ thus obtained. 
Table 3. Spannhng trees 
in long ladders and 
broken long ladders 
n I'(A,,) I'(L,,) 
1 1 1 
2 3 12 
3 2~) 75 
4 1114 384 
5 654 2285 
6 3 t."08 13279 
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